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Let X be a locally compact Hausdorff space and (E, I( . 11) a normed space 
over IK (= IR or C). If W is a vector subspace of ~O(X; E), the space of all 
continuous functions f: X-+ E that vanish at infinity, and u, is a mapping 
from X into the non-empty subsets of E, we are interested in finding 
necessary and sufficient conditions under which, for every E > 0, there is 
some g E W such that g(x) E p(x) + {t E E; I/t (1 < E} for all x E X, that is, 
when, for every E > 0, there is an e-approximate W-selection for ~0. More 
generally, we shall be interested in establishing a “localization formula” for 
the distance of a, from W: 
dist(rp; W) = inf sup sup (1 y - g(x)jl. 
gEW xex yacp(x) 
By this we mean the following: suppose W is module over a subalgebra A of 
gb(b(x, IK), the algebra of all bounded continuous IK-valued functions on 2’. 
Let A be the equivalence relation on X defined by A, and for each x E X, let 
d(x) be the equivalence class of x modulo A. Under this circumstance, when 
can we write 
dist(q; W) = ;ST dist(y,Id(x); W/d(x))? 
* Deceased, July 27, 1981. 
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In the language of Buck [2], when such a formula holds we say that a strong 
version of the Stone-Weierstrass theorem is valid. We show in Section 1 that 
this is true when q is upper semicontinuous and vanishes at infinity with 
respect to W. (See Theorem 1.5.) 
Our interest in set-valued mappings comes in part from the consideration 
of best simultaneous approximation: given a bounded set F c VO(X; E) and a 
non-empty subset W c G?,,(X, E), the relative Chebyshev radius of F (with 
respect to W) is the number 
If for every x E X, q(x) = (f(x);fE F}, then 
dist(rp; W) = rad,(F). 
When F is totally bounded, the mapping cp is upper semicontinuous and 
vanishes at infinity with respect to any W, and the localization formula of 
dist(o; W) yields the analogous result for the Chebyshev radius 
r&P’) = sup radwidcxj (FM(x)). 
XEX 
(See Theorem 1.11.) 
In Section 2, we apply the results of Section 1 to the case of the so-called 
Weierstrass-Stone subspaces W = 7c*(g0( Y, E)) and present a formula for 
dist(f; IV), where fe gO(X, E), in terms of the Chebyshev radius of 
./-W’(Y))> h’ h w  ic generalizes a result of Olech [4]. (See Theorem 2.2.) Even 
more generally we consider the case of F c V&Y; E) a totally bounded 
subset and present a formula for radnt(B,o.;EJj(F) in terms of the Chebyshev 
radius of F(K-‘(y)) = 0 (f(~-‘(y));fc F\. (See Theorem 2.4.) 
In Section 3, we deal with the problem of finding weighted approximate 
W-selections of rp. We solve this problem in the case q(x) is convex, for each 
x E X, and rp is lower semicontinuous and vanishes at infinity with respect to 
W c qV,(X; E), where V is the set of weights on X under consideration 
(see Theorem 3.5). 
The main tool, in Sections 1 and 3, is a result on partitions of unity by 
means of functions on a closed subalgebra of gb(X, IK) due to Nachbin (see 
[ 3, Lemma 11). In fact, we show that the reasoning in the proof of the so- 
called bounded case of the weighted approximation problem found in 
Nachbin [3] carries over to the case of set-valued mappings. 
Let us explain some notation and terminology. If X and E are topological 
spaces, %7(X, E) denotes the set of all continuous functionsf: X+ E. If cp is a 
map from X into the non-empty subsets of E, we call such a map a carrier of 
X into E. If A is any equivalence relation on X, and x E X, we write A(x) for 
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the A-equivalence class containing x; that is, A(x) = ( y E X, (x, JJ) E A}. If A 
is the equivalence relation determined by A c g(X, E), A(x) = (y E X; 
a(x) = a(y) for all a E A}, and each A(x) is a closed subset of X. If Y c X is 
any non-empty subset, andf: X + S, is any mapping, where S is a non-empty 
set, we denote by f ] Y the mapping y E Y-f(v). If F is any family of 
mappings f: X + S, we denote by FI Y the set (f ] Y, fE F}. 
1. A STRONG WEIERSTRASS-STONE THEOREM FOR 
UPPER SEMICONTINUOUS CARRIERS 
Throughout Sections 1 and 2, X stands for a locally compact Hausdorff 
space and E stands for a normed space over IK, where IK = I? of IK = 6. The 
vector subspace of G?(X, E) consisting of all thosefE +7(X; E) which vanish 
at infinity will be denoted by gO(X; E). The space gO(X; E) is normed by the 
sup-norm 
f- llfll = suP~lls(x>ll ; x E XI* 
When X is compact, (%b(X; E) = g(X; E). 
If A c Eb(X, IK) is a self-adjoint subalgebra, then for any A-module 
W c VO(X, E) one has the following “strong” formulation of the 
Weierstrass-Stone theorem. For any fE gO(X; E) let 
Then 
dist(f; W) = inf(]]f- g]] ; g E W). 
dist(f; W) = s,i~ dist(flA(x); W/A(x)), 
where A(x) = ( y E X, a(x) = a(y) for all a E A}. (See Theorem 6.1 of Prolla 
IS].) Our aim in this section is to generalize this formula for set-valued 
mappings. Let cp be a carrier from X into E. We define the distance of p from 
function g E “b(X; E) to be 
dist(p; g> = sup ( sup II Y - dx)ll I XEX YEdX) 
and the distance of 9 from a subset W c VO(X, E) to be 
dist(p; W) = inf (dist(p; g); g E W). 
For any carrier o one obviously has 
RI; dist(o/ A(x); WI A(x)) < dist(p; W). 
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DEFINITION 1.1. A carrier rp of X into E is said to be upper semicon- 
tinuous (u.s.c.) with respect to W c qO(X, E), if given w  E W and r > 0, for 
each x E X such that p(x) cB(w(x); r) and each E > 0, there is a 
neighborhood U of x such that q(y) c B(w(y); r + E) for all y E U. (If u E E 
and s > 0, we denote by B(u; s) the set {u E E; I/u - 011 < s).) 
In particular, a, is U.S.C. with respect to W c gO(X, E) if, given w  E W and 
r > 0, the set (x E X; o(x) c B(w(x); r)} is open. 
EXAMPLE 1.2. If f~ G$(X, E), then q(x) = (f(x)}, x E X, is upper 
semicontinuous with respect to any W c (%lO(X, E). Indeed, for each w  E W 
and Y > 0, the set (x E X, o(x) c B(w(x); r)} = {x E X; Il./(x) -- w(x>ll < r) is 
open. 
EXAMPLE 1.3. Let F c gO(X; E) be an equicontinuous subset. Define a 
carrier u, from X into E by setting 
VP(X) = V(x); SE J’l 
for all x E X. Then rp is U.S.C. with respect to any W c 9$(X; E). Indeed, let 
w  E W, r > 0 and x E X such that q(x) c B(w(x); r) be given. Let E > 0 be 
given. By equicontinuity, there is a neighborhood U of x such that Ilf(t) - 
w(t) - (f(x) - w(x))ll < E f or all t E U andfE F. Hence y E U implies 
Kv) =B(w(y); r + ~1. 
In particular, if F c &(X; E) is totally bounded, then the carrier (p defined 
above is U.S.C. with respect to any W c gO(X; E). 
DEFINITION 1.4. Let rp be a carrier of X into E and let W c %‘O(X; E). 
We say that (o vanishes at infinity with respect to W, if for each w  E W and 
E > 0 the set 
{x E x; q(x) n (E\B(w(x); E)) f 0) 
is relatively compact. 
THEOREM 1.5. Let A c gb(X; IK) be a self-adjoint subalgebra and let 
W c gO(X; E) be an A-module. For any carrier cp of X into E which is upper 
semicontinuous and vanishes at infinity with respect to W, we have 
dist((o; IV) = ;YJ: dist(rpld(x); Wld(x)). 
Proof: Let A = sup { dist((p Id(x); Wld(x)); x E X). We may assume that 
A contains the constants. Let 0 < E. For each x E X, there exists g, E W 
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such that dist((o]d(x); g,]d(x)} < A + s/4. This means that ]]t - g,(y)]1 < 
1+ s/4 for all t E o(y) and y E d(x). Since cp is upper semicontinuous with 
respect to W, there is an open neighborhood U, of x such that 
II t - &(-a < A i- 42 
Clearly, U, 3 d(x). 
for all t E o(x’), x’ E U,. 
Since v, vanishes at infinity with respect to W, the closure K, of 
s, = ( Y E x; P(Y) n (E\w+J(Y)i A+ 42)) f 0 1 
is compact. We claim that d(x) n K, = 0. Indeed, assume z E d(x) n K,. 
Since d(x) c U, and K, is the closure of S,, there is some y E U, f7 S,. But 
o(y) c B(w(y); ,J + s/2) for all y E U, and so y cannot be in S,. By 
13, Lemma l] there exists a finite set (x,, x2,..., xn} c X and for each 
1 < i < n, there is vi E x such that vi > 0, pi] K,, = 0 and Cy7, vi = 1 on X. 
Let g = C;= i pi gfi. Then for each x E X and t E (D(X) we have ]] t - g(x)]] < 
1 + s/2. In fact, either x E Kxi and then vi(x) = 0; or else x E U.ri and then 
I( t - g,i(x)(l < A. + E,Q. Hence 
II t - &)ll = 
II 
2 uli(XN - &JX)> i:l II 
< (A + E/2) 2 (Dj(X) = 1 t E/2. 
i= I 
Therefore dist(o; g) < A + s/2. Choose 6 > 0 so that 6 C;-, ]] g,(x)]] < s/2 
for all x E X; and for each 1 < i< n choose a, EA such that 
laiCx) - Vitx>l < 6 f or all x E X. Now h = 2:: , a, g,r, belongs to W and 
dist(rp; h) <A t e. A fortiori, dist(q W) < A + E. Since E > 0 was arbitrary, 
dist(q; W) ,< A. 
DEFINITION 1.6. A family of functions F c F(X, E) is said to vanish 
collectively at infinity if, for each E > 0, there is a compact subset Kc X 
such that ]] f(x)]] < E for all x ~5 K and f~ F. 
EXAMPLE 1.7. Let F c$YO(X, E) be a totally bounded subset. Then F 
vanishes collectively at infinity. Indeed, let E > 0 be given. There exists a 
finite set {f, ,fi,...,f,) c F such that, for each fE F, there is 1 < i < n with 
ilf-Ati < 42. F or each 1 < i < n, there is a compact subset Ki c X such 
that II A(x>ll < 4 f  or all x&Ki. Let K be the union K,UK,U... UK,. 
Then for all x 6?J K and fE F, II f(x)11 < E. 
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PROPOSITION 1.8. Let F c G?(X, E) be a family which vanishes collec- 
tively at infinity and let W c gO(X, E). The carrier q(x) = (f(x); fE F}, 
x E X, vanishes at infinity with respect to W. 
Proof: If F c %?(X; E) vanishes collectively at infinity and w E eO(X; E), 
then G = (f- w;fE F} vanishes collectively at infinity too. Let K be the 
compact set such that iIf - w(x)11 < F for all x @ K and fe F. Then 
q(x) c B(w(x); a) for all x 6? K. Hence 
x\{x E X; p(x) c B(w(x); E)) c K, 
and so the set 
(x E X; q(x) n (E\B(w(x); ~1) f 0 1 
is relatively compact. 
THEOREM 1.9. Let A and W be as in Theorem 1.5. Let F c gO(X; E) be 
a totally bounded subset and define for x E X, (p(x) = (f(x); f E F}. Then 
dist(q; W) = of: dist((olA(x); W(A(x)). 
Proof. By Example 1.3, cp is upper semicontinuous, and by Example 1.7 
and Proposition 1.8, (o vanishes at infinity with respect to any W c pO(X; E). 
It remains to apply Theorem 1.5. 
THEOREM 1.10. Let X be a compact Hausdorff space; let A c 9?(X; IK) 
be a self-adjoint subalgebra, and let W c @(X, E) be an A-module. Let 
F c G?(X, E) be a bounded and equicontinuous subset and define q(x) = 
{f(x); f E F) for all x E X. Then 
dist(q; W) = su; dist(olA(x); WlA(x)). 
Proof. By Example 1.3, cp is upper semicontinuous. Since X is compact, 
any F c g(X; E) vanishes collectively at infinity, and then by 
Proposition 1.8, q vanishes at infinity with respect to any W c g(X; E) = 
Vo(X; E). 
Let us apply Theorems 1.9 and 1.10 to the problem of best simultaneous 
approximation in (%b(X, E). For a normed space (N, 11. I\), and a non-empty 
subset W c N, one defines for each bounded subset F of N the relative 
Chebyshev radius of F with respect to W: 
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When W = N, one speaks of the Chebyshev radius of F and writes 
rad(F) = inf sup I/f-- g/l. 
KEN fek’ 
Assume now N = VO(X; E) with the sup-norm and let c~ be the carrier from 
X into E defined by 
v(x) = V’(x); S E Fl 
for all x E X, where F c VO(X; E) is some bounded subset. Then, for any 
w c qo(x; E), 
dist(rp; W) = rad,(F). 
Also, if d is any equivalence relation on X with closed equivalence classes, 
then 
dist(~P(x); WI&)) = radw,Ac,r(FIA(x)) 
for all x E X. Hence the following result follows from Theorems 1.9 and 
1.10. 
THEOREM 1.11. Let A c g*(X, IK) be a self-adjoint subalgebra, and let 
W c %$(X; E) be an A-module. For any totally bounded subset F c G$(X; E), 
or for any bounded and equicontinuous subset F c g(X; E), ifX is compact. 
we have 
r4@‘) = sup rad,,,,,,(Fld(x)), 
I E x 
where A is the equivalence relation deJned bv A. 
COROLLARY 1.12. Let V be a closed subspace of E, and let F be as in 
Theorem 1.11. Then 
rad v,(~Y) (F) = s,:~ rad,(F(x)). 
Proof: The subspace W= vO(X; V) = ( g E pO(X; E); g(X) c V) is a 
V$(X, lK)-module and W(x) = V for each x E X. If one introduces the carrier 
C&X) = (f(x); fE F} = F(x), then for each point x E X one has dist(p(x); 
W(x)) = dist(&x); V) = rad,(F(x)), and the result follows from 
Theorem 1.11. 
DEFINITION 1.13. Let B be a bounded subset of a normed space 
(N, ().I/). The Kuratowksi measure of non-precompactness of B is the greatest 
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lower bound a(B) of all r > 0 such that there is a finite set .I c B such that 
B c u {B(f; r); “t-E 4. 
Clearly, a(B) = 0 if, and only if, B is totally bounded. 
THEOREM 1.14. Let A, A and W be as in Theorem 1.11. For any 
bounded subset F c gO(X; E) one has 
where 
r(F; W) < rad,(F) < r(F; W) + a(F), 
r(F; W)= SUP radwldcxj (FlA(x)). 
XEX 
Prooj Clearly, r(F; IV) < rad,(F). Let r > 0 be such that there is a finite 
set .I c F such that F c U (B(f, r);fE J}. Fix g E W. For eachfE F there is 
some f, in J such that Ilf-f,\l < r. Hence, 
and from this it follows that 
rad,(F) < rad,(J) + r. 
By Theorem 1.11, since J is finite, 
‘ad,(J) = r(J; W). 
On the other hand, Jc F implies r(J; W) < r(F; W). Hence 
and so 
rad,(F) < r(F; W) + r, 
rad,(F) < r(F; W) + a(F). 
COROLLARY 1.15. Let V be a closed subspace of E, and let F c 9$(X; E) 
be a bounded subset. Then 
where 
r(F; v> < radFo,,, vj (F) 6 r(F; v) + a(F), 
r(F; v) = yet raW’(x)). 
ProoJ Apply Theorem 1.14 to W = qO(X; V) = { g E gO(X; E); g(X) c VI 
and A = g*(X; IK). 
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2. WEIERSTRASS-STONE SUBSPACES 
Let A be an equivalence relation of X, and (p a A-bounded carrier of X into 
E; that is, 
(o@(x)) = U W>; t E 4x)J 
is a bounded subset of E, for each x E X. Define 
THEOREM 2.1. Let A c Fb(X; IK) be a selfadjoint subalgebra and let A 
be the equivalence relation defined by A. Let WC gO(X, E) be an A-module 
such that,for each x E X and z E E, there is some g E W such that g(t) = z 
for all t E A(x). Then for any A-bounded carrier v, from X into E which is 
upper semicontinuous and vanishes at infinity with respect to W, we have 
dist(o; W) < 6((o). 
Proof By Theorem 1.5 we have 
dist(q; W) = sup inf sup sup /I y - g(t)ll. 
XEX g~w SEA x) Yedt) 
Let x E X. For each z E E, choose g, E W such that gZ(t) = z for all 
t E A(x). Then 
inf sup sup II Y - &>ll 
RE!-?’ led(x) .ve.w(/) 
G sup sup II Y -g,(t)11 = 
tea ycrn(t) 
Since z E E was arbitrary, we have 
inf sup sup II Y - gWll 
gel+’ red(x) yap 
,<inf sup I/y-z/l, 
raE y~vo(A(x)) 
and from this it clearly follows that dist(rp; IV) < S(o). 
Now let 7~: X+ Y be a proper continuous surjection, where Y is another 
locally compact Hausdorff space. Since K is proper, n-‘(K) is compact in X 
for each compact set K c Y, and then x* maps EO(Y, E) into gO(X, E), 
where IC* is the map h--t h 0 72. The sets x-‘(y), for y E Y, are the 
equivalence classes of the equivalence relation defined on X by the 
subalgebra A, c V*(X, R) of all g 0 7c with g E @*(Y, R). 
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LetfE gO(X, E) be given. Since 71 is proper, z-‘(y) is compact, and then 
f(z- ‘(y)) is compact, hence bounded in E, for each y E Y. Let us define 
S(f) = wirMfW’(y))); YE Yl. 
Let W c 5&(X; E) be a subset such that each g E W is constant on every 
n-‘(y), y E Y. Then 
Ilf- dl = sup yEY ,Esnll_(y) IIN) - &>ll > w> 
for all g E W. Hence 
J(f) < Wf; W 
for all W c gO(X; E) such that each g E W is constant on the sets z-‘(y), 
yE Y. 
THEOREM 2.2. Let Y be a locally compact Hausdorff space and let M be 
a (%;b(Y, IK)-submodule of gO(Y; E) such that M(y) = E for all y E Y. Then 
for any f E %$(X; E), we have 
dist(f; n*(M)) = S(f) 
if x: X + Y is a proper continuous surjection. 
Proof. Clearly, W = n*(M) c %$(X; E) is an A .-module and by Theorem 
2.1 
dist(h z*(M)) < S(f ). 
Since g E z*(M) is constant on the sets n-‘(y), y E Y, then by the remarks 
made before we have S(f) < dist(f; n*(M)). 
Remark 1.3. In Olech [4] the formula dist(f; rc*(gO(Y; E))) = S(f) was 
proved for X and Y compact, and E a uniformly convex Banach space (see 
[4, Theorem 21). Indeed, Olech has the formula as a corollary to his more 
difficult result that, under the hypothesis above, each f E go(X; E) has a best 
approximation g from W = n*(g,,(Y; E)), i.e., dist(f; W) = /] f - g]j, and for 
such g, ]] f - g]] = S(f ). We have seen that the formula for the distance is 
true in general and does not depend on the existence of a best approximation 
from W, indeed it is a corollary of the “strong” version of the 
Weierstrass-Stone theorem that we proved, namely, Theorem 1.5. 
Let us now consider the case of best simultaneous approximation. 
Consider then a totally bounded subset F c gO(X; E) and the associated 
carrier cp from X into E defined by o(x) = (f(x); f E F} for all x E X. Since 
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F is bounded, it follows that (D is a d-bounded carrier for any equivalence 
ralation A on X. 
For each y E Y define 
F@-‘(Y)) = U VW’WM-E f’J 
and 
6(F) = sup{rad(F(z-l(y))); y E Y). 
Then S(F) = S(q), and by Theorem 2.1 
rad,.(F) < S(F) 
for W= z*(M), where A4 is as in Theorem 2.2. Conversely, each g E x*(M) 
is constant on x-‘(y) for every y E Y. Thus 
dist(q; g) = sup sup sup I/z - g(t)11 
?‘EY ten-‘(y) zEw(r) 
Hence 
> sup inf sup sup IIZ - 41 ?‘El’ PEE /ET -‘(?‘) :E”(l) 
= sup inf sup sup /I f(t) - 2: II 
?‘E 1 I‘EI: ,en ‘(?‘I /El 
= ;ic rad(F(7c-r(y))) = 6(F). 
6(F) < dist(q; W) = rad,(F). 
We have thus proved the following: 
THEOREM 2.4. Let Y be a locally compact Hausdorff space and let M be 
a Vb(Y; IK)-submodule of VO(Y, E) such that M(y) = E for all y E Y. Then, 
for any totally bounded subset F c gO(X, E), we have 
rad RI&J = sup bW’(n- ‘(Y>>>; Y E Y/ 
if x : X + Y is a proper continuous surjection. 
COROLLARY 2.5. Let Y, M and 71 be as in Theorem 2.4. For any bounded 
subset FE 9$(X; E) we have 
W) G rab,,, (F) < W) < WI + a(F) 
where 6(F) = sup (rad(F(z- l(y))); y E Y}. 
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ProoJ: The inequality 6(F) < radzeo,,(F) was established in the proof of 
Theorem 2.4. Indeed, in that part of the proof the arguments depend only on 
F being bounded. The inequality ‘ad,,,,,(F) < 6(F) + a(F) follows from 
Theorem 2.4 in the same way as Theorem 1.14 follows from Theorem 1.11. 
3. WEIGHTED APPROXIMATION OF SET-VALUED MAPPINGS 
Throughout this section X stands for a completely regular Hausdorff space 
and E stands for a locally convex Hausdorff space over IK, where IK = R or 
IK = @. If I’ is a family of upper semicontinuous non-negative functions on 
X, we denote by “V,(X; E) the vector subspace of g(X, E) consisting of all 
fE ‘&(X; E) such that uf vanishes at infinity, for each v E V, that is, (x E X; 
4x1 P(f(X)) 2 I E is compact, for each E > 0, and each continuous seminorm 
p on E. We introduce a locally convex topology on VV,(X; E) by 
considering the family of seminorms f- sup { u(x)p(f(x)); x E X}, where 
u E V and p is a continuous seminorm on E. Without loss of generality, we 
may assume that V is upper directed in the following sense: given u and u in 
V, there are t > 0 and w  E V such that 
max(u(x), u(x)) < tNx> 
for all x E X. 
Let us consider a subalgebra A c P(X; IK) and a vector subspace 
W c I”“V,(X, E) which is an A-module, that is, A W c W under pointwise 
multiplication operation. The weighted approximation problem posed by 
Nachbin [3, p. 2891 consists in asking for a description of the closure of W 
in $YVv,(X; E). This was solved by Nachbin in the case IK = R, or IK = C 
and A self-adjoint, under the following hypothesis: every a E A is bounded 
on the support of every u E V. (See [3, Theorem 1, p. 2951.) 
DEFINITION 3.1. Let (D be a carrier of X into E. We say that cp is lower 
semicontinuous (1.s.c.) with respect to W c 5TVco(X; E) if for each w  E W, 
u E V, E > 0 and p a continuous seminorm on E, the set 
is open, where 
{x E x; v(x) f-J 4,,,,@w; &I + 01 
&,,,,,(w(x); 6) = {t E E; 0) ~0 - w(x)) < ~1. 
Similarly, we say that cp vanishes at infinity with respect to 
W c gV,(X; E) if, for each w, v, E and p as above, the set 
Ix E Xi rp(x> n (E\~,,,,(w(x); &)I # 01 
is relatively compact. 
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EXAMPLE 3.2. If fE EV,(X, E), then q(x) = (f(x)}, x E X, is lower 
semicontinuous and vanishes at infinity with respect to any 
w c gv,(x; E). 
DEFINITION 3.3. Let ~1 be a carrier of X into E, and let W c ?FVa)(X; E) 
be a non-empty subset. We say that v, is W-admissible if v, is lower semicon- 
tinuous and vanishes at infinity with respect to W. 
DEFINITION 3.4. Let (D be a carrier of X into E, and let W c gVv,(X; E) 
be a non-empty subset. Given u E V, E > 0 and p a continuous seminorm on 
E, we say that g E W is a (v, E, p) -approximate W-selection for (p, if 
g(x) E v(x) + 4,,,,(0; E) f or all x E X. And we say that v, can be V- 
approximated by elements of W if a, has (v, &,p)-approximate W-selections 
for all choices of u E V, E > 0 and p a continuous seminorm on E. 
The weighted approximation problem for set-valued mappings consists in, 
given a subspace W c gVv,(X; E), find necessary and sufficient conditions 
for a W-admissible carrier (o to be V-approximated by elements of W. 
If fE @V,(x; E) and for all x E X, q(x) = {f(x)), then clearly qr can be 
V-approximated by elements of W c @Vv,(X; E) if, and only if,S belongs to 
the closure of W in gVv,(X; E). 
Let us remark that if cp is a carrier and W is an A-module, where 
A E q,(X; IK), then in order to prove that (D can be V-approximated by 
elements of W, we may assume without loss of generality that A is closed in 
Vb(X; IK) in the sup-norm. Indeed, let B denote the closure of A and assume 
that cp can be V-approximated by elements of the B-module W’ generated by 
W. Let v E V, E > 0 and p a continuous seminorm on E be given. Then we 
can find h E W’ such that h(x) E &x) + B,.,,,JO; c/2) for all x E X. Suppose 
h = Cy7, bi wi with bi E B, wi E W, i = 1, 2 ,..., n. Choose 6 > 0 so small that 
SC;=, v(x)p(wi(x)) < s/2 for all x E X. Let ai E A be such that 
) ai - bi(x)l < 6 for all x E X, i = 1, 2 ,..., n. Then g = Cr_ r a, wi belongs to 
the A-module W and g(x) E (D(X) + B,,,,,JO; E) for all x E X. 
THEOREM 3.5. Let A c gb(X, IK) be a self-adjoint subalgebra and let 
W c F V,(X; E) be an A-module. Let v, be a W-admissible carrier of X into 
E such that q(x) is convex for each x E X. We can V-approximate CJJ by 
elements of W g and only if, for each x E X, ~1 A(x) can be VI A(x)- 
approximated by elements of WjA(x), where A is the equivalence relation 
defined by A. 
ProoJ The condition is obviously necessary. Conversely, assume that v, 
is such that, for each x E X, VIA(X) can be VI A(x)-approximated by 
elements of W/A(x). 
Let v E V, 6 > 0 and p a continuous seminorms on E be given. 
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Without loss of generality we may assume that A contains the constants. 
Indeed, the algebraB generated by A and the constants defines the same 
equivalence relation on X as A, and W is a B-module. By the remarks 
preceding the theorem we may also assume that A is a closed subalgebra of 
gb(X; IK). 
For every x E X, there is some g, E W such that for all t Ed(x), 
s,(t) E u)(t) + B I.Cx)P(O; E). Let w(t) be the set q(t) + B,.c,,,(O; E), for all t E X. 
Since q is lower semicontinuous with respect to W, the set 
u, = {x’ E x; g,(x’> E VW) I 
is open and, by hypothesis, U, I> d(x). On the other hand, since rp vanishes 
at infinity with respect to W, the set 
s, = ix’ E Xi ~(-4 n (E\B,t,,,,( g,(x’>; ~1 f 0 1 
is relatively compact. Now K, = x\Ux is closed and contained in S,Y ;
therefore K, is compact. By [3, Lemma l], there exists a finite set 
1 xi, x2 ,..., x,,) c X and, for each 1 < i < n, there is cpi E A such that ~7; > 0, 
cpilKxi = 0 and Cr=, oi = 1 on X. Then g = Cr-, pi g,, belongs to W and 
g(x) E P(X) + B,,,,,p(O; E), for all x E X. 
In fact, either x E Kxi and then q,(x) = 0; or else x & K,i and then 
g,,(x) E Y(X) + 4&O; ~1. H ence g(x) is a convex combination of elements 
which lie in the convex set dx) + 4.&O; &I* Therefore 
g(x) E (D(X) + 4,x& ~1 f or all x E X, i.e., g is a (0, E, p)-approximate W- 
selection for (0. 
Remark 3.6. Notice that we proved the following stronger result: if for 
each x E X, q]d(x) has a (v, E,P)-approximate (W]d(x))-selection, then v, 
has a (v, E, p)-approximate W-selection. 
Hence we have shown that in the approximation lemma of Blatter ] 1, 
p. 371, neither paracompactness of T nor compactness of the equivalence 
classes of the equivalence relation R are needed, if instead of the usual 
notion of lower semicontinuity for set-valued mappings, one requires 1.s.c. in 
the sense of Definition 3.1. Notice that, when a carrier w from X into E is 
1.s.c. with respect to the set WC VV,(X; E) of all constant functions, then 
(x E X; q(x) n U # 0} is open in X, for every open set U of X; that is, v, is 
1.s.c. in the usual sense. One example of V such that gV,(X; E) actually 
contains the constant functions in given by the set V of all characteristic 
functions of compact subsets. Indeed, in this case %V,(X; E) is just 
‘V(X; E) with the compact-open topology. 
Another example is given by the set V of all positive functions belonging 
to VO(X; R) for a locally compact space X. In this case %‘P’=(X; E) is 
‘V$(X; E) with the strict topology. 
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However, when V is the set of all positive constant functions on X, 
FV,(X; E) is FO(X; E) with the uniform topology and, unless X is compact, 
it contains no non-zero constant function. 
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